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In neutral graphene dots, the Fermi level coincides with the Dirac points. We have investigated in the
presence of a magnetic field several unusual properties of single electron states near the Fermi level of such a
rectangular-shaped graphene dot with two zigzag and two armchair edges. We find that a quasidegenerate level
forms near zero energy and the number of states in this level can be tuned by the magnetic field. The wave
functions of states in this level are all peaked on the zigzag edges with or without some weight inside the dot.
Some of these states are magnetic field-independent surface states while the others are field-dependent. We
have found a scaling result from which the number of magnetic field-dependent states of large dots can be
inferred from those of smaller dots.
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I. INTRODUCTION

Graphene dots have a great potential for many applica-
tions since they are the elemental blocks to construct
graphene-based nanodevices. It is possible to cut graphene
sheet1 in the desired shape and size2 and use it to make
quantum dot devices. In such devices, it may be possible to
realize experimentally zigzag or armchair boundaries.

Graphene systems possess several unusual physical prop-
erties associated with the presence of the Dirac points. For
example, compared to ordinary Landau levels of quasi-two-
dimensional semiconductors the lowest Landau level �LLL�
of graphene is peculiar since it has zero energy that is inde-
pendent of magnetic field.3–7 Moreover, wave functions of
the LLL are chiral, i.e., the probability amplitude of find the
electron on one type carbon atoms is zero. There are other
graphene systems with zero energy states. Semi-infinite8 or
nanoribbon graphene9,10 with zigzag edges along the x axis
develop a flat band of zero energy chiral states. These states
are surface states and are localized states at the zigzag edges
with various localization lengths.8 The zigzag edge and the
LLL states have zero energy because their wave functions
are chiral. Effects of a magnetic field on graphene Hall bars
have been investigated recently, and some zero energy chiral
states are found to be strongly localized on the zigzag edges
in addition to the usual LLL states.11–14

One may expect that the degeneracy of chiral states with
zero energy will be split when quantum confinement effect is
introduced in a graphene dot.15–17 However, the splitting of
these energies may be unusual in some graphene dots.18–21

Recently, the magnetic field dependence of these levels in a
gated graphene dot was investigated experimentally.21 Ef-
fects of various types of edges have been also investigated:
zigzag-edged dots, armchair-edged dots,19,22–24 and rectangu-
lar graphene dots with two zigzag and two armchair
edges25,26 have been studied. Armchair edges couple states
near K and K� points of the first Brillouin zone and generate
several mixed chiral zigzag edge states with nearly zero en-
ergies. In the rectangular dots the number of these states, Nl,
may be determined from the condition that the x component
of wavevectors satisfies 1 /Ly �kx,n�� /3a, where kx,n= �n

Lx

− 2�
3a , a=�3a0 is the length of the unit cell, and n

=0, �1, �2, . . . �the nearest neighbor carbon-carbon dis-
tance is a0=1.42 Å, the horizontal length of the dot is Lx
=�3Ma0 with M number of hexagons along the x axis, and
the vertical length is Ly =a0�3N+2� with N the number of
hexagons and �N+1� carbon bonds along the y axis. See Fig.
1�. This condition implies that the integer n is given by

�3M

�3N + 2��
+

2M

3
� n � M . �1�

The effective mass approximation wave functions of these
surface states are derived in Ref. 26.

We investigate how properties of rectangular dots change
in the presence of a magnetic field in the regime where Hof-
stadter butterfly effects18,19,21 are negligible. In neutral
graphene dots, the Fermi level has zero energy, and, conse-
quently, magnetic, optical, and STM �scanning tunneling mi-
croscopy� properties are expected to depend on the number
of available states near zero energy. Our investigation shows
that the wave functions of nearly zero energy states are all
peaked on the zigzag edges with or without appreciable
weight inside the dot. This may be understood as mixing of
LLL and surface states by armchair edges of the rectangular
dot through intervalley scattering, which is unique to the
rectangular dot �this will be explained in Sec. IV�.

Our study shows that the number of states within the en-
ergy interval � around zero energy is given by

NT��� = Nl + ND��� �2�

�the energy � is typically less than the quantization energy of
a rectangular dot, which can be estimated using the Dirac
equation: �kmin� t a

Lx,y
, where �=�3ta /2 with the hopping en-

ergy t�. Here, magnetic edge states are not included since
their energies are larger than �. ND��� is the number states
that merge into the energy interval � around zero energy as
the dimensionless magnetic flux �= 	

	0
increases. This effect

provides a means to control the number of states at the Fermi
level. There are other states with nearly zero energies at �
=0, which remain so even at ��0. The localization lengths
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of these states are shorter than the magnetic length. We de-
note the number of these states by Nl.

Our numerical results indicate that for relatively small
rectangular-shaped graphene dots with size less than on order
102 Å, the number of states at the Fermi level display a
negligible magnetic field dependence for values that are usu-
ally accessible experimentally �B�10 T corresponds, in di-
mensionless magnetic flux, to �= 	

	0
�10−4, where 	0

=hc /e and 	=BAh with the area of a hexagon Ah= 3�3
2 a0

2�.
On the other hand, in larger dots this dependence is signifi-
cant. However, it is computationally difficult to investigate
large rectangular-shaped graphene dots since the number of
carbon atoms increases rapidly with the size. We have found
a scaling result from which one can infer results for larger
dots from those of smaller dots. For different rectangular-
shaped graphene dots and values of �, it can be described
well by the following dimensionless form:

ND��� =
LxLy

Ah
f� �2

a0�Lx + Ly�
� , �3�

where �=
33/4a0

�4���1/2 is the magnetic length and f�x� is a scaling

function, see Fig. 2. The total number of hexagons in the dot
is Nh=LxLy /Ah. Our numerical result shows that the depen-

dence of ND��� on � is initially nonlinear in the regime
where the diameter of the cyclotron motion is comparable to
the system length, 2��Lx,y.

II. NUMBER OF STATES IN THE
QUASIDEGENERATE LEVEL

Our Hamiltonian is

B

A

x

y

FIG. 1. Finite graphene layer with zigzag and armchair edges.
There are equal number of A and B carbon atoms. The graphene
layer has reflection symmetries about horizontal and vertical lines
that go through the center of the layer. A magnetic field is present
perpendicular to the layer.

FIG. 2. �Color online� Number of nearly zero energy states that
are induced by a magnetic field follow a scaling curve when plotted
as a function of 1

�M+�3N+2/�3�� for different rectangular shaped
graphene dots. Here, �=0.01 eV.

FIG. 3. �a� Eigenenergies 
n at �=0. Quasidegenerate states are
present near zero energy. Size of the dot is 74�71 Å2. A quanti-
zation energy of order �kmin�0.03 eV can be seen as an excitation
gap near zero energy. �b� Eigenenergies 
n at �=0.01.

FIG. 4. �Color online� �a� Some energy levels 
n change as �
increases while some do not. �b� The total number of states within
the energy interval � around zero energy at a finite value of �. Size
of the dot is 74�71 Å2.
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H = − �
�i,j	

tijci
†cj , �4�

where tij = tei�e/��

R� j

R� iA� ·dr� are the hopping parameters and ci
+ cre-

ates an electron at site i. Here, we use a Landau gauge A�
=B�−y ,0 ,0�. The summation �i , j	 is over nearest neighbor
sites and t=2.5 eV. The eigenstate with eigenenergy 
n is
denoted by �
n

�R� �, where R� labels each lattice point. Be-
cause of electron-hole symmetry, eigenvalues appear in pairs
of positive and negative values �
 ,−
�, and the probability
wave functions of a pair of states, ���
n

�R� ��2 , ��−
n
�R� ��2�, are

identical. Our numerical results are consistent with this.
Figures 3�a� and 3�b� display the energy spectra near zero

energy for �=0 and 0.01. At �=0, there are approximately
20 states within �
n��0.01 eV, consistent with the analytical

result of Eq. �1�. At �=0.01, the numerical value is increased
to 24. Figure 4�a� shows how some energy levels 
n at �
=0 change as a function of the magnetic flux �. These en-
ergy levels do not anticross. We observe that nearly zero
energies at �=0 do not change noticeably in magnitude as �
varies. There are Nl such localized surface states. On the
other hand, we find that as � increases nonzero energies
become smaller and move closer to zero. This implies that,
for a given energy interval �, the number of states in it,
NT���, increases with �. From Fig. 4�b�, we see that it dis-
plays a nonlinear dependence on �. For a large dot of size
50�50 nm2 a similar dependence of NT on B is seen, as
shown in Fig. 5. Nonlinear dependence occurs in the regime
2� /Lx�0.5. As a test of our numerical procedures we have
verified that the sum of ND���=NT���−Nl and the number of
magnetic edge states is equal to the total bulk Landau level
degeneracy 2DB �DB=

2LxLy

3�3a0
2 � is the degeneracy per valley�.

The ratio between the number of nearly zero energy states
induced by the magnetic field and the number of hexagons,
ND���

Nh
, should depend on a dimensionless quantity consisting

of a combination of �, a0, Lx, and Ly, which are the important
parameters of rectangular graphene dots. The lengths Lx and
Ly should appear as Lx+Ly so that for rectangular-shaped
graphene sheets ND /Nh remains the same when Lx and Ly are
exchanged. These considerations lead us to the dimension-
less variable �2

a0�Lx+Ly�
= 3

4�
1

��M+�3N+2/�3� , see Eq. �3�. We are
especially interested in the regime where the diameter of the
cyclotron orbit is comparable to the system length 2��Lx,y.
Note that in this regime, many cyclotron orbits get affected
by the presence of the edges and corners of the rectangular
dot. Since we must also assume that Hofstadter effect is neg-

FIG. 5. Results for a dot with size 50�50 nm2. Dependence of
NT /2 on B for �=0.01 eV.

FIG. 6. �Color online� Size of the dot is 74�71 Å2. �a� The probability wave function of the state with 
1027=−0.07 eV at �=0. The
length unit is a. �b� Profile of z component of pseudospin: sizes of dots represent probabilities of occupying A or B carbon atoms. When the
probabilities are less than 0.00001, the radius of the dots is set to the smallest value. The upper and lower horizontal edges represent zigzag
edges. �c� The probability wave function of the state with 
1027=−2.0�10−3 eV at � /Lx=0.12 ��=0.01�. �d� Profile of z component of
pseudospin for n=1027 at �=0.01.
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ligible the validity regime of Eq. �3� is a02��Lx,y. Note
also that the scaling function f�x� should be different for
each �.

III. WAVE FUNCTIONS OF QUASIDEGENERATE STATES
IN A MAGNETIC FIELD

We first show how the wave function of a nonzero energy
state at �=0 changes into a state with nearly zero energy as
� increases. Consider the probability wave function for n
=1027 at a finite �=0.01, as shown in Fig. 6�c�. It is local-
ized on the zigzag edges with a finite probability inside the
dot. On the armchair edges the wave function is vanishingly
small. The wave function has changed significantly from the
�=0 result, see Fig. 6�a�, and also its energy has changed
from −0.07 eV to −2.0�10−3 eV. The values of the z com-
ponent of the pseudospin, Figs. 6�b� and 6�d�, are larger on
the zigzag edges at �=0.01 compared to the result at �=0.
The probability wave function of another state with nearly
zero energy is shown in Fig. 7�c� at �=0.01. We see that the
result is somewhat different from the zero field result of Fig.
7�a�, which displays a localized state with the localization
length comparable to the unit cell length a. Now, there is a
finite probability to find an electron inside the dot while the
probabilities on the zigzag edges are reduced. Note that the
energy of this state has changed from 5.38�10−6 eV to
4.5�10−6 eV when � is changed to 0.01 from zero. The
pseudospin profiles are shown in Figs. 7�b� and 7�d�. Figure
8 shows a probability wave function at a smaller value of
� /Lx,y =0.09 �corresponding to �=0.02�, and we see that the
wave function is less localized on the zigzag edges and LLL
character is more pronounced in comparison to result of
� /Lx=0.12 �Fig. 6�c�. All ND��� states have similar proper-

ties mentioned above with finite probabilities of finding an
electron inside the dot. There are also N� zigzag edges states
that are more strongly localized on the edges with localiza-
tion lengths comparable to a. When an electron is in one of
these states the probability of find the electron away from the
edges is practically zero. The energies of these states are less
then 10−10 eV. We can summarize our results as follows: all

FIG. 7. �Color online� Size of the dot is 74�71 Å2. �a� The probability wave function of the state with 
1045=5.38�10−6 eV at �
=0. �b� Profile of z component of pseudospin for n=1045 at �=0. �c� The probability wave function for n=1045 at � /Lx=0.12 ��=0.01�.
�d� Profile of z component of pseudospin for n=1045 at �=0.01.

FIG. 8. �Color online� Size of the dot is 74�71 Å2 and � /Lx

=0.09 ��=0.02� �a� The probability wave function of the state with

1027=−2.04�10−5 eV. �b� Profile of z component of pseudospin
of the same state. These results should compare with those in Fig. 6.
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nearly zero energy states are localized on the zigzag edges
with or without some weight inside the dot.

When the magnetic length is much smaller than the sys-
tem size magnetic edge states can be formed, see Fig. 9. The
probability wave function of a magnetic edge state with

1053=0.144 eV is shown in Fig. 9�a�. It is a mixture of
ordinary magnetic and zigzag edge states. The probability
wave function decays from the armchair edges while it is
strongly peaked on the zigzag edges. Pseudospin expectation
values on each zigzag edge display opposite chiral behavior.
On armchair edges, the chiralities are more or less evenly
mixed, see Fig. 9�b�.

IV. DISCUSSIONS AND CONCLUSIONS

We now explain qualitatively how mixed states of Figs.
6�c� and 7�c� can arise. An infinitely long zigzag nanoribbon
in a magnetic field has nearly zero energy surface states that
are localized on the edges in addition to ordinary lowest
Landau level states, see Fig. 10. The properties of these
states are given in Refs. 6, 11, 12, 31, and 32: LLL states of
valley K �K�� are of B �A� type and localized surface states
have a mixed character between A and B. The surface states
can have various localization lengths but the minimum value
is of order the carbon-carbon distance a0.12 The armchair
edges couple K and K� valleys,6,11,26 and, consequently, sur-

face and LLL states of a nanoribbon can be coupled and give
rise to mixed states with significant weight on the zigzag
edges and inside the dot, as shown in Fig. 6�c� and Fig. 7�c�.
In addition, these mixed states should display a significant
occupation of both A and B carbon atoms inside the dot since
LLL states of different chiralities are coupled by the arm-
chair edges. Our numerical result is indeed consistent with
this expectation, see Fig. 6�d�. As the ratio � /Lx,y takes
smaller values the nature of these states become more like
that of LLL states �see Fig. 8�.

We have investigated, in the presence of a magnetic field,
quasidegenerate states of rectangular-shaped graphene dots
near the Dirac points. Some of these states are magnetic
field-independent surface states while the other states are
field-dependent. We find numerically that the wave functions
of these states are all peaked near the zigzag edges with or
without significant weight inside the dot. The physical origin
of the presence of a significant weight is the coupling be-
tween K and K� valleys due to the armchair edges. This
effect is expected to survive small deviations from perfect
armchair edges as long as they provide coupling between
different valleys. Experimentally the dependence of ND on �
may be studied by measuring STM properties27 or the optical
absorption spectrum as a function of magnetic field.28–30 In
fabricating rectangular dots, a special attention should be
given to the direction of armchair edges since the properties
of dot may depend on it.33
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FIG. 9. �Color online� �a� The probability wave function of the
state with 
1053=0.144 eV at � /Lx=0.12 ��=0.01�. Size of the dot
is 74�71 Å2. �b� Profile of z component of pseudospin of the same
state.

0
FIG. 10. �Color online� Cross section of probability wave func-

tions of a nanoribbon with infinitely long zigzag edges along the x
axis in the presence of a perpendicular magnetic field �a Landau
gauge is used�. ��1�2 represents a localized surface state. Two ex-
amples of LLL states ��2�2 and ��3�2 are also shown. These states all
have nearly zero energies.
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